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Òðè àëãîðèòìà äëÿ âû÷èñëåíèÿ
÷èñåë Ôèáîíà÷÷è

Îáîçíà÷åíèÿ è îñíîâíûå èäåè âçÿòû èç êíèãè [1].
Ïîñëåäîâàòåëüíîñòü ÷èñåë Ôèáîíà÷÷è Fn îïðåäåëÿåòñÿ ðåêóððåíò-

íûì ñîîòíîøåíèåì

Fn = Fn−1 + Fn−2 (n > 1)

è íà÷àëüíûìè óñëîâèÿìè F0 = 0, F1 = 1 (èíîãäà ïîëàãàþò F0 = 1, íî ýòî
ìåíåå óäîáíî).

Õîðîøî èçâåñòíà ôîðìóëà Áèíå (Äàíèýëü Áåðíóëëè, 1728;Æàê Áèíå,
1843):

Fn =
φn − φ̂n
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≈ 1.61803 � ¾çîëîòîå ñå÷åíèå¿, φ̂ = 1 − φ ≈ −0.61803.
Ôîðìóëà Áèíå ïîêàçûâàåò, ÷òî Fn ðàñò¼ò ýêñïîíåíöèàëüíî (ñî ñêîðîñòüþ
ãåîìåòðè÷åñêîé ïðîãðåññèè).

Îïèøåì íåñêîëüêî ñïîñîáîâ âû÷èñëåíèÿ Fn. Ôîðìóëó Áèíå èñïîëü-
çîâàòü íå áóäåì, òàê êàê ïðè áîëüøèõ n âîçíèêàþò ñëîæíûå âîïðîñû,
ñâÿçàííûå ñ íàêîïëåíèåì âû÷èñëèòåëüíûõ ïîãðåøíîñòåé.

Ïðîãðàììû áóäóò çàïèñàíû íà ÿçûêå C (ñì. [2]). ×åñòíî ãîâîðÿ, äëÿ
áîëüøèõ n òèïà int íåäîñòàòî÷íî è íóæíî èñïîëüçîâàòü ÷èñëà ïðîèç-
âîëüíîé äëèíû. Íî çäåñü, ðàäè ïðîñòîòû, áóäåì ðàññìàòðèâàòü ëèøü
òàêèå n, äëÿ êîòîðûõ Fn ïîìåùàåòñÿ â int.

1. Ðåêóðñèÿ

Ñðàçó èç îïðåäåëåíèÿ ïîëó÷àåòñÿ ðåêóðñèâíûé àëãîðèòì:

int fib(int n) {
return (n > 1) ? (fib(n - 1) + fib(n - 2)) : n;

}

Íî îí ðàáîòàåò ñëèøêîì äîëãî ïðè áîëüøèõ n. Ñ ïîìîùüþ ìàòåìàòè÷å-
ñêîé èíäóêöèè ëåãêî äîêàçàòü, ÷òî äëÿ ýòîãî àëãîðèòìà âðåìÿ ðàáîòû è
îáú¼ì èñïîëüçóåìîé ïàìÿòè (ñòåêà) ïðîïîðöèîíàëüíû Fn+1, ò. å. ðàñòóò
ýêñïîíåíöèàëüíî ïðè óâåëè÷åíèè n.
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2. Ïîñëåäîâàòåëüíîå âû÷èñëåíèå
(äèíàìè÷åñêîå ïðîãðàììèðîâàíèå)

Çíà÷åíèÿ Fn ìîæíî âû÷èñëÿòü ïîñëåäîâàòåëüíî, ñîõðàíÿÿ çíà÷åíèå
â ìàññèâå:

int fib(int n) {
int result, i;
int *f = (int*) malloc((n + 2) * sizeof(int));
f[0] = 0; f[1] = 1;
for (i = 2; i <= n; ++i)

f[i] = f[i - 1] + f[i - 2];
result = f[n];
free(f);
return result;

}

Êîíå÷íî, çäåñü ìîæíî îáîéòèñü è áåç ìàññèâà, òàê êàê äëÿ âû÷èñëåíèÿ
Fn èñïîëüçóþòñÿ ëèøü äâà ïðåäûäóùèõ ýëåìåíòà ïîñëåäîâàòåëüíîñòè:

int fib(int n) {
if (n <= 1) return n;
int fprev = 0, fcur = 1, fnext, i;
for (i = 2; i <= n; ++i) {

fnext = fcur + fprev;
fprev = fcur; fcur = fnext;

}
return fcur;

}

Äëÿ ýòîãî àëãîðèòìà âðåìÿ ðàáîòû ëèíåéíî çàâèñèò îò n.
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3. Áûñòðûé àëãîðèòì (÷åðåç ñòåïåíü ìàòðèöû)

Ïðåäûäóùèé ñïîñîá ïîêàçûâàåò, ÷òî ýëåìåíòû ïîñëåäîâàòåëüíîñòè
Ôèáîíà÷÷è óäîáíî õðàíèòü è âû÷èñëÿòü ïàðàìè. Åñëè èçâåñòíà ïàðà
ýëåìåíòîâ (Fn−1, Fn), òî ñëåäóþùóþ ïàðó (Fn, Fn+1) ìîæíî âû÷èñëèòü
òàê: (
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)
=

(
Fn
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)
=

(
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1 1

) (
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)
Îáîçíà÷èì ìàòðèöó ( 0 1

1 1 ) ÷åðåç M. Ñ ïîìîùüþ ìàòåìàòè÷åñêîé èíäóê-
öèè ëåãêî äîêàçàòü, ÷òî(
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)
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(
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.

Âñïîìíèâ ïðàâèëî óìíîæåíèÿ ìàòðèö, ìîæíî ñäåëàòü òàêîé âûâîä: Fn

åñòü ïðàâûé âåðõíèé ýëåìåíò ìàòðèöû Mn.
Òåïåðü íàïîìíèì áûñòðûé àëãîðèòì äëÿ âû÷èñëåíèÿ ñòåïåíè. Åñëè

÷èñëî n çàïèñûâàåòñÿ â äâîè÷íîé ñèñòåìå êàê (am . . . a1 a0)2, òî Mn

ìîæíî íàéòè êàê ïðîèçâåäåíèå âñåõ ñòåïåíåé âèäà M2k, ãäå ak = 1.
Íàïðèìåð,

13 = 8 + 4 + 1 = (1101)2, M13 = M8 ·M4 ·M1 = M23 ·M22 ·M20

.

Ìàòðèöû âèäà M2k ëåãêî ñ÷èòàòü ïî î÷åðåäè, ïóò¼ì âîçâåäåíèÿ â êâàä-
ðàò.

Ñíà÷àëà íàïèøåì ôóíêöèþ äëÿ ïåðåìíîæåíèÿ ìàòðèö ðàçìåðà 2×2.
Áóäåì õðàíèòü òàêèå ìàòðèöû êàê ìàññèâû äëèíû 4.

// Ôóíêöèÿ mul óìíîæàåò ìàòðèöó dest íà ìàòðèöó src
void mul(int *dest, const int* src) {

int r0, r1, r2, r3;
r0 = dest[0] * src[0] + dest[1] * src[2];
r1 = dest[0] * src[1] + dest[1] * src[3];
r2 = dest[2] * src[0] + dest[3] * src[2];
r3 = dest[2] * src[1] + dest[3] * src[3];
dest[0] = r0; dest[1] = r1;
dest[2] = r2; dest[3] = r3;

}

Ñ èñïîëüçîâàíèåì ôóíêöèè mul óæå íåòðóäíî çàïèñàòü àëãîðèòì âû-
÷èñëåíèÿ Fn, ðàáîòàþùèé çà âðåìÿ ïîðÿäêà log n:
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int fib(int n) {
int Mpower[] = { 0, 1, 1, 1}; // = M
int Mresult[] = { 1, 0, 0, 1}; // = E
while (n) {

// Ñåé÷àñ Mpower åñòü M^{2^k},
// ãäå k - íîìåð èòåðàöèè öèêëà (íà÷èíàÿ ñ 0).
// Åñëè äâîè÷íàÿ çàïèñü n çàêàí÷èâàåòñÿ íà 1,
// òî óìíîæàåì Mresult íà Mpower:
if (n & 1) mul(Mresult, Mpower);
// Âîçâîäèì Mpower â êâàäðàò:
mul(Mpower, Mpower);
// Óáèðàåì ìëàäøóþ äâîè÷íóþ öèôðó ÷èñëà n:
n >>= 1;

}
// Òåïåðü Mresult åñòü èñêîìàÿ ìàòðèöà M^n,
// è ìîæíî âåðíóòü å¼ ïðàâûé âåðõíèé ýëåìåíò:
return Mresult[1];

}

4. Çàêëþ÷åíèå. Ñõîäñòâî ñ äðóãèìè çàäà÷àìè

Ìû ðàññìîòðåëè 3 àëãîðèòìû äëÿ íàõîæäåíèÿ ÷èñåë Ôèáîíà÷÷è:
1) ðåêóðñèâíûé (î÷åíü ëàêîíè÷íûé, íî î÷åíü äîëãî ðàáîòàåò);
2) äèíàìè÷åñêîå ïðîãðàììèðîâàíèå (íåñëîæíî ïîëó÷èòü èç ðåêóððåíò-

íûõ ñîîòíîøåíèé, ðàáîòàåò äîâîëüíî áûñòðî);
3) î÷åíü áûñòðûé õèòðîóìíûé àëãîðèòì, êîòîðûé ìîæíî ïðèäóìàòü

ëèøü ïîñëå ãëóáîêîãî ïîñòèæåíèÿ ñóòè çàäà÷è.
Àíàëîãè÷íî îáñòîÿò äåëà ñ íåêîòîðûìè äðóãèìè çàäà÷àìè:
1) âû÷èñëåíèå ÷èñåë Êàòàëàíà;
2) ñðàâíåíèå ñòðîêè ñ øàáëîíîì, ñîäåðæàùèì çâ¼çäî÷êè;
3) ïîèñê êðàò÷àéøèõ ïóòåé â ãðàôå.
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