
Ìàòåì. àíàëèç, ïðèêë. ìàòåì., 2-é ñåìåñòð

14-å çàíÿòèå. Ïëîùàäü ïîâåðõíîñòè âðàùåíèÿ.

Íåñîáñòâåííûå èíòåãðàëû

Ïîâòîðåíèå: îáú¼ì òåëà

A1 Íàéòè îáú¼ì òåëà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè:
x2 + y2 = 1, z = 2y, z = 0.

2480â x = a(t− sin t), y = a(1− cos t) (0 6 t 6 2π), y = 0:
â) âîêðóã ïðÿìîé y = 2a.

A2 (x− a)2 + y2 = c2, ãäå 0 < c < a, âîêðóã îñè Oy.

Ïëîùàäü ïîâåðõíîñòè âðàùåíèÿ

Ïóñòü ãëàäêàÿ êðèâàÿ çàäàíà ïàðàìåòðè÷åñêèì óðàâíåíèåì x = x(t), y =
y(t), t1 6 t 6 t2. Òîãäà ïëîùàäü ïîâåðõíîñòè, îáðàçîâàííîé âðàùåíèåì
ýòîé êðèâîé âîêðóã íåêîòîðîé îñè, ðàâíà

P = 2π

t2∫
t1

R(t) ds(t),

ãäå ds(t) =
√

x′2(t) + y′2(t) dt � äèôôåðåíöèàë äëèíû äóãè, R(t) � ðàñ-
ñòîÿíèå îò òî÷êè (x(t), y(t)) äî îñè âðàùåíèÿ. Íàïðèìåð, åñëè ôèãóðó
âðàùàþò âîêðóã îñè Ox, òî R(t) = |y(t)|.
Íàéòè ïëîùàäè ïîâåðõíîñòåé, îáðàçîâàííûõ âðàùåíèåì ñëåäóþùèõ êðè-
âûõ:

2495 x = a(t− sin t), y = a(1− cos t) (0 6 t 6 2a);
à) âîêðóã îñè Ox; á) âîêðóã îñè Oy; â) âîêðóã ïðÿìîé y = 2a.

2488 y = tg x (0 6 x 6 π
4 ) âîêðóã îñè Ox.

Íåñîáñòâåííûå èíòåãðàëû

2335

1∫
0

ln x dx. 2347

+∞∫
0

e−ax cos bx dx (a > 0).



Äîìàøíåå çàäàíèå � 14
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Íàéòè îáú¼ì òåëà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè:

2464
x2

a2 +
y2

b2 −
z2

c2 = 1, z = ±c.

2465 x2 + z2 = a2, y2 + z2 = a2.

Íàéòè îáú¼ì òåëà âðàùåíèÿ:

A3 (x− b)2 + y2 = a2, ãäå 0 < a < b, âîêðóã îñè Oy.

A4 x2 + (y − b)2 = a2, ãäå 0 < a < b, âîêðóã îñè Oy.

Íàéòè ïëîùàäè ïîâåðõíîñòåé, îáðàçîâàííûõ âðàùåíèåì ñëåäóþùèõ êðè-
âûõ:

2487 y = a cos
πx

2b
(|x| 6 b) âîêðóã îñè Ox.

2489 y2 = 2px (0 6 x 6 x0):
à) âîêðóã îñè Ox; á) âîêðóã îñè Oy.

2491 x2 + (y − b)2 = a2 (b > a) âîêðóã îñè Ox.

2492 x2/3 + y2/3 = a2/3 âîêðóã îñè Ox.
Óêàçàíèå: èñïîëüçîâàòü ïàðàìåòðèçàöèþ.

2497 r = a(1 + cos ϕ) âîêðóã ïîëÿðíîé îñè.

2498à r2 = a2 cos 2ϕ âîêðóã ïîëÿðíîé îñè.

Âû÷èñëèòü íåñîáñòâåííûå èíòåãðàëû:

2334

+∞∫
a

dx

x2 (a > 0). 2336

+∞∫
−∞

dx

1 + x2 . 2338

+∞∫
2

dx

x2 + x− 2
.

2340

+∞∫
0

dx

1 + x3 . 2346

+∞∫
0

e−ax cos bx dx (a > 0).


