
Ìåõ.-ìàò., ìàòåì. àíàëèç., 3-é ñåìåñòð

19-å çàíÿòèå. Èíòåãðàëû, çàâèñÿùèå îò ïàðàìåòðà

Êàêèå óñëîâèÿ äîñòàòî÷íû äëÿ ïðåäåëüíîãî ïåðåõîäà ïîä çíàêîì èíòå-
ãðàëà?

Íàéòè èíòåãðàëû:

3713á lim
α→0

1∫
−1

√
x2 + α2 dx. A1 lim

α→∞

ln(x+ |α|)
ln(x2 + α2)

dx.

Êàêèå óñëîâèÿ äîñòàòî÷íû äëÿ äèôôåðåíöèðîâàíèÿ ïî ïàðàìåòðó ïîä
çíàêîì èíòåãðàëà?

3726, n = 0 Äîêàçàòü, ÷òî ôóíêöèÿ Áåññåëÿ èíäåêñà 0

J0(x) =
1

π

π∫
0

cos(x sinϕ)dϕ

óäîâëåòâîðÿåò óðàâíåíèþ Áåññåëÿ: xJ ′′0 (x) + J ′0(x) + xJ0(x) = 0.

Òåîðåìà. Åñëè f è f ′y íåïðåðûâíû íà [a, b] × [c, d], à ôóíêöèè ϕ è ψ
íåïðåðûâíî îòîáðàæàþò [c, d] â [a, b] è äèôôåðåíöèðóåìû íà (c, d), òî
ïðè y ∈ (c, d) âûïîëíÿåòñÿ ñîîòíîøåíèå:

d

dy

ψ(y)∫
ϕ(y)

f(x, y) dx = f(ψ(y), y)ψ′(y)− f(ϕ(y), y)ϕ′(y) +

ψ(y)∫
ϕ(y)

f ′y(x, y) dx.

3718à F (α) =

cosα∫
sinα

eα
√

1−x2

dx. A2 F (α) =

α2∫
0

eαx − 1

x
dx (α > 0).

3718ã F (α) =

α∫
0

f(x + α, x − α) dx, ãäå f(u, v) � íåïðåðûâíî äèôôå-

ðåíöèðóåìàÿ ôóíêöèÿ.

Âû÷èñëèòü èíòåãðàë ñ ïîìîùüþ äèôôåðåíöèðîâàíèÿ ïî ïàðàìåòðó:

3734 I(a) =

π/2∫
0

arctg(a tg x)

tg x
dx.



Äîìàøíåå çàäàíèå � 19

Ìàòåì. àíàëèç, ìåõ.-ìàò., 3-é ñåìåñòð

Ïîâòîðèòü òåîðåìû î íåñîáñòâåííûõ èíòåãðàëàõ!

Íàéòè ïðåäåëû:

3713à lim
α→0

1+α∫
α

dx

1 + x2 + α2 . 3713â lim
α→0

2∫
0

x2 cosαx dx.

3713ã lim
n→∞

1∫
0

dx

1 +
(
1 + x

n

)n . Ïîäðîáíî îáîñíîâàòü ïðåäåëüíûé ïåðåõîä.

3726 Äîêàçàòü, ÷òî ïðè ëþáîì n ∈ Z ôóíêöèÿ Áåññåëÿ èíäåêñà n

Jn(x) =
1

π

π∫
0

cos(nϕ− x sinϕ)dϕ

óäîâëåòâîðÿåò óðàâíåíèþ Áåññåëÿ

x2J ′′n(x) + xJ ′n(x) + (x2 − n2)Jn(x) = 0.

Íàéòè F ′(α):

3718á F (α) =

b+α∫
a+α

sinαx

x
dx. 3718â F (α) =

α∫
0

ln(1 + αx)

x
dx.

3718ä F (α) =

α2∫
0

dx

x+α∫
x−α

sin(x2 + y2 − α2)dy.

3717 Âû÷èñëèòü F ′(x), åñëè F (x) =

x2∫
x

e−xy
2

dy.

Ïðèìåíÿÿ äèôôåðåíöèðîâàíèå ïî ïàðàìåòðó, âû÷èñëèòü ñëåäóþùèå èí-
òåãðàëû:

3733

π∫
0

ln(1− 2a cosx+ a2) dx. 3735

π/2∫
0

ln
1 + a cosx

1− a cosx

dx

cosx
.

Óêàçàíèå ê 3733: ïîñëå äèôôåðåíöèðîâàíèÿ ïî a ñäåëàòü çàìåíó t = tg x
2

è ïðèìåíèòü ìåòîä íåîïðåäåë¼ííûõ êîýôôèöèåíòîâ.


