
ñòð. 1 èç 6

Ìàòåì. àíàëèç, ïðèêë. ìàòåì., 4-é ñåìåñòð

3-å çàíÿòèå. Êðèâîëèíåéíûå èíòåãðàëû âòîðîãî ðîäà

A1 Âûâåñòè ôîðìóëó ïîíèæåíèÿ äëÿ cos3 t ñ ïîìîùüþ ôîðìóëû Ýé-

ëåðà: cos t =
eit + e−it

2
. Íàéòè èíòåãðàë

π/2∫
0

cos3 t dt.

A2 Ïàðàìåòðèçîâàòü ñëåäóþùèå êðèâûå:
(1) îòðåçîê ïðÿìîé ëèíèè îò (2,−3) ê (3,−5);
(2) îòðåçîê ïðÿìîé ëèíèè îò (0, 1) ê (0,−2);
(3) äóãà îêðóæíîñòè ñ öåíòðîì (0, 0) îò (1, 0) ê (−1, 0);
(4) äóãà îêðóæíîñòè ñ öåíòðîì (0, 0) îò (0,−1) ê (−1, 0);
(5) äóãà ïàðàáîëû ñ öåíòðîì (0, 0) è îñüþ Ox, îò (4,−2) äî (4, 2).

Âû÷èñëèòü ñëåäóþùèå èíòåãðàëû:

A3 I =

∫
ϕ

xy dx−x2 dy, ãäå ϕ � êðèâàÿ îò òî÷êè A(1, 0) ê òî÷êå B(0, 1),

èìåþùàÿ ñëåäóþùóþ ôîðìó:
(1) îòðåçîê ïðÿìîé ëèíèè;
(2) äóãà îêðóæíîñòè ñ öåíòðîì O(0, 0);
(3) ëîìàíàÿ ëèíèÿ, ñîñòîÿùàÿ èç îòðåçêîâ AO è OB.

4251

∫
ϕ

(x2 + y2) dx + (x2 − y2) dy, ãäå ϕ � êðèâàÿ

y = 1 − |1 − x|, 0 6 x 6 2.

4252

∮
ϕ

(x+y) dx+(x−y) dy, ãäå ϕ � ýëëèïñ
x2

a2 +
y2

b2 = 1, ïðîáåãàåìûé

ïðîòèâ õîäà ÷àñîâîé ñòðåëêè.

Óáåäèâøèñü â òîì, ÷òî ïîäûíòåãðàëüíîå âûðàæåíèå ÿâëÿåòñÿ ïîëíûì
äèôôåðåíöèàëîì, âû÷èñëèòü ñëåäóþùèå êðèâîëèíåéíûå èíòåãðàëû:

4259

(3,−4)∫
(0,1)

x dx + y dy. A4

(3,1)∫
(−1,2)

y dx + (x + 2y)dy.

4263

(1,2)∫
(2,1)

y dx − x dy

x2 âäîëü ïóòåé, íå ïåðåñåêàþùèõ îñè Oy.



ñòð. 2 èç 6

Äîìàøíåå çàäàíèå � 3

Ìàòåì. àíàëèç, ïðèêë. ìàòåì., 4-é ñåìåñòð

Âû÷èñëèòü ñëåäóþùèå êðèâîëèíåéíûå èíòåãðàëû âòîðîãî ðîäà:

4248

∫
ϕ

x dy − y dx, ãäå ϕ � êðèâàÿ îò òî÷êè O(0, 0) ê òî÷êå A(1, 2),

èìåþùàÿ ñëåäóþùóþ ôîðìó:
(1) îòðåçîê ïðÿìîé ëèíèè;
(2) ïàðàáîëà, îñü êîòîðîé åñòü Oy;
(3) ëîìàíàÿ ëèíèÿ, ñîñòîÿùàÿ èç îòðåçêà OB îñè Ox è îòðåçêà BA,

ïàðàëëåëüíîãî îñè Oy.

4249
∫

ϕ x dy + y dx äëÿ êðèâûõ èç çàäà÷è 4248.

4250
∫

ϕ(x2 − 2xy) dx + (y2 − 2xy) dy, ãäå ϕ � ïàðàáîëà

y = x2, −1 6 x 6 1.

4253
∮

ϕ(2a − y) dx + x dy, ãäå ϕ � àðêà öèêëîèäû

x = a(t − sin t), y = a(1 − cos t) (0 6 t 6 2π).

4255

∮
ABCDA

dx + dy

|x| + |y|
, ãäå ABCDA � êîíòóð êâàäðàòà ñ âåðøèíàìè

A(1, 0), B(0, 1), C(−1, 0), D(0,−1).

4257

∮
OmAnO

dy arctg
y

x
− dx, ãäå OmA � îòðåçîê ïàðàáîëû y = x2 è

OnA � îòðåçîê ïðÿìîé y = x.

Óáåäèâøèñü â òîì, ÷òî ïîäûíòåãðàëüíîå âûðàæåíèå ÿâëÿåòñÿ ïîëíûì
äèôôåðåíöèàëîì, âû÷èñëèòü ñëåäóþùèå êðèâîëèíåéíûå èíòåãðàëû:

4258

(2,3)∫
(−1,2)

x dy + y dx. 4260

(2,3)∫
(0,1)

(x + y) dx + (x − y) dy.

4264

(6,8)∫
(1,0)

x dx + y dy√
x2 + y2

âäîëü ïóòåé, íå ïðîõîäÿùèõ ÷åðåç (0, 0).



ñòð. 3 èç 6

Ìàòåì. àíàëèç, ïðèêë. ìàòåì., 4-é ñåìåñòð

3-å çàíÿòèå. Êîíñïåêò.

Êðèâîëèíåéíûå èíòåãðàëû âòîðîãî ðîäà

Ôîðìóëà ïîíèæåíèÿ äëÿ cos3 t (ïîâòîðåíèå)

A1 Âûâåñòè ôîðìóëó ïîíèæåíèÿ äëÿ cos3 t ñ ïîìîùüþ ôîðìóëû Ýé-

ëåðà: cos t =
eit + e−it

2
. Íàéòè èíòåãðàë

π/2∫
0

cos3 t dt.

Ðåøåíèå.

cos3 t =
e3it + 3eit + 3e−it + e−3it

8
=

1

4
cos 3t +

3

4
cos t.

Îòñþäà

π/2∫
0

cos3 t dt =

(
1

12
sin 3t +

3

4
cos t

)∣∣∣∣π/2

0
= − 1

12
+

3

4
=

2

3
.

Ïàðàìåòðèçàöèÿ êðèâûõ

A2 Ïàðàìåòðèçîâàòü ñëåäóþùèå êðèâûå:
(1) îòðåçîê ïðÿìîé ëèíèè îò (2,−3) ê (3,−5);
(2) îòðåçîê ïðÿìîé ëèíèè îò (0, 1) ê (0,−2);
(3) äóãà îêðóæíîñòè ñ öåíòðîì (0, 0) îò (1, 0) ê (0, 1);
(4) äóãà îêðóæíîñòè ñ öåíòðîì (0, 0) îò (0,−1) ê (−1, 0);
(5) äóãà ïàðàáîëû ñ öåíòðîì (0, 0) è îñüþ Ox, îò (4,−2) äî (4, 2).
Ðåøåíèå.

1) x = 2 + t, y = −3 − 2t, t ∈ [0, 1];

2) x = 0, y = 1 − 3t, t ∈ [0, 1];

3) x = cos t, y = sin t, t ∈ [0, π];

4) x = − sin t, y = − cos t, t ∈ [0, π/2];

5) x = t2, y = t, t ∈ [−2, 2];



ñòð. 4 èç 6

Âû÷èñëåíèå èíòåãðàëîâ âòîðîãî ðîäà

A3 I =

∫
ϕ

xy dx−x2 dy, ãäå ϕ � êðèâàÿ îò òî÷êè A(1, 0) ê òî÷êå B(0, 1),

èìåþùàÿ ñëåäóþùóþ ôîðìó:
(1) îòðåçîê ïðÿìîé ëèíèè;
(2) äóãà îêðóæíîñòè ñ öåíòðîì O(0, 0);
(3) ëîìàíàÿ ëèíèÿ, ñîñòîÿùàÿ èç îòðåçêîâ AO è OB.
Ðåøåíèå.

(1) x = 1 − t, y = t, t ∈ [0, 1],

I =

1∫
0

(1 − t)t · (−dt) − (1 − t)2 dt =

1∫
0

(t − 1) dt =
1

2
− 1 = −1

2
.

(2) x = cos t, y = sin t, t ∈ [0, π/2],

I =

π/2∫
0

(− cos2 t sin t dt − cos3 t dt) =

= −
1∫

0

u2du − 1

4

π/2∫
0

cos 3t dt − 3

4

π/2∫
0

cos t dt = −1

3
− 2

3
= −1.

(3) Íà îòðåçêå AO: x = 1 − t, y = 0, t ∈ [0, 1], I = 0. Íà îòðåçêå OB:
x = 0, y = t, t ∈ [0, 1], I = 0.

Çàìåòèì, ÷òî çäåñü íå âûïîëíÿåòñÿ óñëîâèå
∂P

∂y
=

∂Q

∂x
.

A4 I =

∫
ϕ

2xy dx + x2 dy, ãäå ϕ � êðèâûå èç ïðåäûäóùåé çàäà÷è.

Ðåøåíèå.

(1) x = 1 − t, y = t, t ∈ [0, 1],

I =

1∫
0

(
2(1 − t)t · (−dt) + (1 − t)2 · dt

)
=

1∫
0

(3t2 − 4t + 1) dt = 0.

(2) x = cos t, y = sin t, t ∈ [0, π/2],

I =

π/2∫
0

(−2 cos t sin2 t dt + cos3 t dt) = −2

3
+

2

3
= 0.



ñòð. 5 èç 6

(3) I = 0.

Çàìåòèì, ÷òî çäåñü âûïîëíÿåòñÿ óñëîâèå
∂P

∂y
=

∂Q

∂x
.

4251

∫
ϕ

(x2 + y2) dx + (x2 − y2) dy, ãäå ϕ � êðèâàÿ

y = 1 − |1 − x|, 0 6 x 6 2.

Ðåøåíèå. Ðàçáèâàåì íà ñåãìåíòû [0, 1] è [1, 2]: y =

{
x, x ∈ [0, 1];

x − 2, x ∈ [1, 2].

Âû÷èñëÿåì èíòåãðàë:

I =

1∫
0

2x2 dx +

2∫
1

(2x2 − 4x + 4)dx + (4x − 4) · (−dx) =

=
2

3
+

2∫
1

(2x2 − 8x + 8) dx =
2

3
+

2

3
=

4

3
.

4252

∮
ϕ

(x+y) dx+(x−y) dy, ãäå ϕ � ýëëèïñ
x2

a2 +
y2

b2 = 1, ïðîáåãàåìûé

ïðîòèâ õîäà ÷àñîâîé ñòðåëêè.
Ðåøåíèå. Èñïîëüçóåì ïàðàìåòðèçàöèþ x = a cos t, y = b sin t, ∈ [0, 2π]:

I =

2π∫
0

(a cos t + b sin t) · (−a sin t dt) + (a cos t − b sin t) · b cos t dt = 0.

Èíòåãðàë îò ïîëíîãî äèôôåðåíöèàëà

Åñëè â îáëàñòè D ñóùåñòâóåò òàêàÿ ôóíêöèÿ u(x, y), ÷òî

P (x, y) =
∂u(x, y)

∂x
, Q(x, y) =

∂u(x, y)

∂y
,

òî äëÿ ëþáîé êóñî÷íî-ãëàäêîé êðèâîé γ, ëåæàùåé â îáëàñòè D,∫
γ

P (x, y) dx + Q(x, y) dy = u(B) − u(A),



ñòð. 6 èç 6

ãäå A è B � ñîîòâåòñòâåííî íà÷àëî è êîíåö êðèâîé γ.

4259

(3,−4)∫
(0,1)

x dx + y dy.

Ðåøåíèå. Ñíà÷àëà ïðîâåðèì íåîáõîäèìîå óñëîâèå ñóùåñòâîâàíèÿ ïîëíî-

ãî äèôôåðåíöèàëà, ò. å. ðàâåíñòâî
∂P

∂y
=

∂Q

∂x
:

∂P

∂y
= (x)′y = 0,

∂Q

∂x
= (y)′x = 0.

Óãàäàåì òàêóþ ôóíêöèþ u(x, y), ÷òî d(u(x, y)) = x dx + y dy. Ëåãêî ñî-

îáðàçèòü, ÷òî ïîäõîäèò ôóíêöèÿ u(x, y) =
1

2
d(x2 + y2). Áîëåå ïîäðîáíî:

u(x, y) =
x2 + y2

2
, P (x, y) = x, Q(x, y) = y.

Çíà÷èò, I = u(3,−4) − u(0, 1) = 25−1
2 = 12.

A5

(3,1)∫
(−1,2)

y dx + (x + 2y)dy.

Ðåøåíèå. Ñíà÷àëà ïðîâåðÿåì íåîáõîäèìîå óñëîâèå:
∂P

∂y
= 1 =

∂Q

∂x
. Òå-

ïåðü óãàäàåì òàêóþ ôóíêöèþ u(x, y), ÷òî d(u(x, y)) = y dx + (x + 2y) dy.
Ìîæíî ñîîáðàçèòü, ÷òî ïîäõîäèò ôóíêöèÿ

u(x, y) = xy + y2.

Çíà÷èò, I = u(3, 1) − u(−1, 2) = 4 − 2 = 2.

4263

(1,2)∫
(2,1)

y dx − x dy

x2 âäîëü ïóòåé, íå ïåðåñåêàþùèõ îñè Oy.

Ðåøåíèå. Ñíà÷àëà ïðîâåðèì íåîáõîäèìîå óñëîâèå ñóùåñòâîâàíèÿ ïîëíî-

ãî äèôôåðåíöèàëà, ò. å. ðàâåíñòâî
∂P

∂y
=

∂Q

∂x
:

P (x, y) =
y

x2 , Q(x, y) = −1

x
,

∂P

∂y
=

1

x2 ,
∂Q

∂x
=

1

x2 .

Ëåãêî ñîîáðàçèòü, ÷òî u(x, y) = −y

x
. Îòñþäà I = −2

1 + 1
2 = −3

2 .


