
ñòð. 1 èç 7

Ìàòåì. àíàëèç, ïðèêë. ìàòåì., 4-é ñåìåñòð
4-å çàíÿòèå. Ïîòåíöèàë ïîëÿ.
Ãàðìîíè÷åñêèå ôóíêöèè

A1 Âû÷èñëèòü
∮

x2+y2=1

p dx + q dy, ãäå p(x, y) = −y
x2+y2 , q(x, y) = x

x2+y2 .

Ñóùåñòâóåò ëè ïîòåíöèàë ïîëÿ (p, q) â îáëàñòè R2 \ {(0, 0)}?

Óáåäèâøèñü, ÷òî ïîäûíòåãðàëüíîå âûðàæåíèå ÿâëÿåòñÿ ïîëíûì äèôôå-
ðåíöèàëîì, âû÷èñëèòü ñëåäóþùèé èíòåãðàë:

4267
(1,0)∫

(0,−1)

x dy − y dx

(x− y)2 âäîëü ïóòåé, íå ïåðåñåêàþùèõ ïðÿìîé y = x.

Íàéòè ïîòåíöèàë u, åñëè èçâåñòåí ïîëíûé äèôôåðåíöèàë du:
A2 du = (ey cos x + 3x2y) dx + (ey sin x + x3 − ey) dy.

4272 du =
y dx− x dy

3x2 − 2xy + 3y2 .

A3 Íàéòè ïîòåíöèàë ïîëÿ
(
− y

x2 + y2 ,
x

x2 + y2

)
â ïëîñêîñòè ñ ðàçðåçîì

{x = y, x > 0}, ïðèíèìàþùèé â òî÷êå (0, 1) çíà÷åíèå 0.

Îïðåäåëåíèå 1. Ôóíêöèþ u ∈ C2(D) íàçûâàþò ãàðìîíè÷åñêîé â îáëà-

ñòè D, åñëè ∂2u

∂x2 +
∂2u

∂y2 = 0 äëÿ ëþáîé òî÷êè (x, y) ∈ D.

Îïðåäåëåíèå 2. Ïóñòü u, v ∈ C2(D) � ãàðìîíè÷åñêèå ôóíêöèè â îáëà-
ñòè u. Ýòè ôóíêöèè íàçûâàþò ñîïðÿæ¼ííûìè, åñëè îíè ñâÿçàíû óðàâíå-

íèÿìè Êîøè-Ðèìàíà: ∂u

∂x
=

∂v

∂y
,

∂u

∂y
= −∂v

∂x
äëÿ ëþáîé òî÷êè (x, y) ∈ D.

Ïðîâåðèòü, ÷òî ôóíêöèÿ ÿâëÿåòñÿ ãàðìîíè÷åñêîé, è íàéòè ñîïðÿæ¼ííóþ
ê íåé ãàðìîíè÷åñêóþ ôóíêöèþ:
1.165 u = x2 − y2 + 5x + y − y

x2 + y2 .
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Äîìàøíåå çàäàíèå � 4
Ìàòåì. àíàëèç, ïðèêë. ìàòåì., 4-é ñåìåñòð

A1 Âû÷èñëèòü
∮

ϕ

p dx + q dy, ãäå p(x, y) = −y
x2+y2 , q(x, y) = x

x2+y2 , ϕ �

çàìêíóòàÿ ëîìàíàÿ ñ âåðøèíàìè A(1, 1), B(−1, 1), C(−1,−1), D(1,−1).

Óáåäèâøèñü, ÷òî ïîäûíòåãðàëüíîå âûðàæåíèå ÿâëÿåòñÿ ïîëíûì äèôôå-
ðåíöèàëîì, âû÷èñëèòü ñëåäóþùèå èíòåãðàëû:

4268
(2,π)∫

(1,π)

(
1− y2

x2 cos
y

x

)
dx +

(
sin

y

x
+

y

x
cos

y

x

)
dy âäîëü ïóòåé, íå ïå-

ðåñåêàþùèõ îñè Oy.

4269
(a,b)∫

(0,0)

ex (cos y dx− sin y dy).

Íàéòè ïîòåíöèàë u, åñëè èçâåñòåí åãî ïîëíûé äèôôåðåíöèàë du:
4271 du = (x2 + 2xy − y2) dx + (x2 − 2xy − y2) dy.

4273 du =
(x2 + 2xy + 5y2) dx + (x2 − 2xy + y2) dy

(x + y)3 .

4274 du = ex (ey(x− y + 2) + y) dx + ex (ey(x− y) + 1) dy.

A2 Íàéòè ïîòåíöèàë ïîëÿ
(
− y

x2 + y2 ,
x

x2 + y2

)
â ïëîñêîñòè ñ ðàçðåçîì

{y = 0, x 6 0}, ïðèíèìàþùèé â òî÷êå (1, 0) çíà÷åíèå 0.
≈ 4270 (äîï. çàäàíèå) Ïóñòü f � íåïðåðûâíàÿ ôóíêöèÿ íà R. Ïîñòðî-
èòü òàêóþ ôóíêöèþ u ∈ C1(R2), ÷òî

du = f(x2 + y2)(x dx + y dy).

Ïðîâåðèòü, ÷òî ñëåäóþùèå ôóíêöèè ÿâëÿþòñÿ ãàðìîíè÷åñêèìè, è íàéòè
ñîïðÿæ¼ííûå ê íèì ãàðìîíè÷åñêèå ôóíêöèè:
1.159 u(x, y) = x2 − y2 + x. 1.160 u(x, y) =

x

x2 + y2 .
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Ìàòåì. àíàëèç, ïðèêë. ìàòåì., 4-é ñåìåñòð
4-å çàíÿòèå. Êîíñïåêò.
Ïîòåíöèàë ïîëÿ. Ãàðìîíè÷åñêèå ôóíêöèè
Ïîâòîðåíèå

A1 Ïóñòü p(x, y) = −y
x2+y2 , q(x, y) = x

x2+y2 . Âû÷èñëèòü
∮

x2+y2=1

x dy − y dx

x2 + y2 .

Âûÿñíèòü, ñóùåñòâóåò ëè ïîòåíöèàë îò p dx+q dy â îáëàñòè R2 \{(0, 0)}.
Ðåøåíèå. Èñïîëüçóÿ ïàðàìåòðèçàöèþ x = cos t, y = sin t, ãäå t ∈ [0, 2π],
ïîëó÷èì:

I =

2π∫

0

cos2 t + sin2 t

cos2 t + sin2 t
dt = 2π.

Çàìåòèì, ÷òî â ýòîì ïðèìåðå âûïîëíÿåòñÿ íåîáõîäèìîå óñëîâèå ñóùå-
ñòâîâàíèÿ ïîòåíöèàëà:

∂p

∂y
=

y2 − x2

(x2 + y2)2 =
∂q

∂x
.

Íî îòñþäà åù¼ íå ñëåäóåò ñóùåñòâîâàíèå ïîòåíöèàëà, òàê êàê îáëàñòü íå
îäíîñâÿçíà (âûêîëîòî íà÷àëî êîîðäèíàò). Åñëè áû ïîòåíöèàë ñóùåñòâî-
âàë, òî èíòåãðàë ïî çàìêíóòîìó êîíòóðó áûë áû ðàâåí 0. Ñëåäîâàòåëüíî,
ïîòåíöèàëà íå ñóùåñòâóåò.
Óáåäèâøèñü, ÷òî ïîäûíòåãðàëüíîå âûðàæåíèå ÿâëÿåòñÿ ïîëíûì äèôôå-
ðåíöèàëîì, âû÷èñëèòü ñëåäóþùèé èíòåãðàë:

4267
(1,0)∫

(0,−1)

x dy − y dx

(x− y)2 âäîëü ïóòåé, íå ïåðåñåêàþùèõ ïðÿìîé y = x.

Ðåøåíèå. Âèäèì, ÷òî

p(x, y) = − y

(x− y)2 , q(x, y) =
x

(x− y)2 ,
∂p

∂y
= − x + y

(x− y)3 =
∂q

∂x
.

Ñëåäîâàòåëüíî, â îäíîñâÿçíîé îáëàñòè y < x ñóùåñòâóåò ïîòåíöèàë. Ïî-
ýòîìó èíòåãðèðîâàòü ìîæíî ïî ëþáîìó ïóòè â îáëàñòè y < x ñ íà÷àëîì
(0,−1) è êîíöîì (1, 0). ×òîáû óïðîñòèòü çíàìåíàòåëü, âûáåðåì ïóòü

y = x− 1 (x ∈ [0, 1]).

Ïîëó÷èì: I =
∫ 1

0 dx = 1. Äðóãîé ñïîñîá ðåøåíèÿ � óãàäàòü ïîòåíöèàë
ïîëÿ: u = y

x−y .
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Âû÷èñëåíèå ïîòåíöèàëà

Íàéòè ïîòåíöèàë u, åñëè èçâåñòåí ïîëíûé äèôôåðåíöèàë du:
A2 du = (e2y cos x + 3x2y) dx + (2e2y sin x + x3 − ey) dy.
Ðåøåíèå. Íåîáõîäèìîå óñëîâèå âûïîëíåíî:

∂p

∂y
= 2e2y cos x + 3x2 =

∂q

∂x
.

Èç óñëîâèÿ íà u′x íàõîäèì u(x, y) ñ òî÷íîñòüþ äî ïðîèçâîëüíîãî ñëàãàå-
ìîãî, çàâèñÿùåãî îò y (èíòåãðèðóåì ïî x):

u′x = e2y cos x + 3x2y =⇒ u = e2y sin x + x3y + C(y).

Òåïåðü íàõîäèì C(y) èç óñëîâèÿ íà u′y:

u′y = e2y sin x + x3 + C ′(y) = e2y sin x + x3 − ey.

Îòâåò: u = e2y sin x + x3y − ey + C.

4272 du =
y dx− x dy

3x2 − 2xy + 3y2 .
Ðåøåíèå. Íåîáõîäèìîå óñëîâèå âûïîëíåíî:

∂p

∂y
= − 3(x2 + y2)

(3x2 − 2xy + 3y2)2 =
∂q

∂x
.

Èíòåãðèðóÿ ôóíêöèþ u′x(x, y) = p(x, y) ïî x, íàõîäèì u(x, y) ñ òî÷íîñòüþ
äî ïðîèçâîëüíîãî ñëàãàåìîãî, çàâèñÿùåãî îò y:

u(x, y) =

∫
y dx

3
((

x− y
3

)2
+ 8

9y
2
) =

y

3
· 3

2
√

2 y
· arctg

3x− y

2
√

2 y
+ C(y) =

=
1

2
√

2
arctg

3x− y

2
√

2y
+ C(y).

×òîáû íàéòè ôóíêöèþ C(y), ïðèðàâíèâàåì u′y(x, y) ê q(x, y). Ïîëó÷àåò-
ñÿ, ÷òî C ′(y) = 0, îòêóäà C(y) = C.
Îòâåò: u(x, y) =

1

2
√

2
arctg

3x− y

2
√

2y
+ C.

Çàìåòèì, ÷òî ôóíêöèÿ 1
2
√

2
arctg 3x−y

2
√

2y
èç îòâåòà ê çàäà÷å 4272 èìå-

åò ðàçðûâû. Ëèíèè ðàçðûâîâ äåëÿò ïëîñêîñòü íà íåñêîëüêî îáëàñòåé.
Â êàæäîé îáëàñòè ìîæíî âûáèðàòü ñâîþ êîíñòàíòó C. Ýòè êîíñòàíòû
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ìîæíî ïûòàòüñÿ ïîäáèðàòü òàê, ÷òîáû ñäåëàòü ôóíêöèþ u(x, y) íåïðå-
ðûâíîé. Íåïðåðûâíîñòè íà âñåé ïëîñêîñòè íå âñåãäà ìîæíî äîáèòüñÿ, íî
ìîæíî îáåñïå÷èòü íåïðåðûâíîñòü â îäíîñâÿçíîé îáëàñòè.

Ðàññìîòðèì ïîëå èç ïðèìåðà A1. Ïîòåíöèàë â îáëàñòè R2 \ {(0, 0)}
íå ñóùåñòâóåò, íî ìîæíî íàéòè ïîòåíöèàë â êàêîé-íèáóäü îäíîñâÿçíîé
îáëàñòè. Íàïðèìåð, â ïëîñêîñòè ñ ðàçðåçîì.

A3 Íàéòè ïîòåíöèàë ïîëÿ
(
− y

x2 + y2 ,
x

x2 + y2

)
â ïëîñêîñòè ñ ðàçðåçîì

{x = y, x > 0}, ïðèíèìàþùèé â òî÷êå (0, 1) çíà÷åíèå 0.
Ðåøåíèå. Âèäèì, ÷òî

u(x, y) = arctg
y

x
+ C.

Ïðÿìàÿ x = 0, â êîòîðîé òåðÿåòñÿ íåïðåðûâíîñòü ôóíêöèè arctg y
x , è ëó÷

{x = y, x > 0}, âûðåçàííûé ïî óñëîâèþ, äåëÿò ïëîñêîñòü íà 3 îáëàñòè:

D1 = {(x, y) : x > 0, y > x},
D2 = {(x, y) : x < 0},
D3 = {(x, y) : x > 0, y < x}.

Êîíñòàíòó C íàõîäèì îòäåëüíî â êàæäîé èç îáëàñòåé D1, D2, D3, îáåñ-
ïå÷èâàÿ íåïðåðûâíîñòü ôóíêöèè. Íàéä¼ì C1:

lim
(x,y)→(0,1)

x>0

u(x, y) =
π

2
+ C1 = 0 =⇒ C1 = −π

2
.

Íàéä¼ì C2:

lim
(x,y)→(0,1)

x<0

u(x, y) = −π

2
+ C2 = 0 =⇒ C2 =

π

2
.

Íàéä¼ì çíà÷åíèå u(x, y) íà ëó÷å {x = 0, y < 0}:

u(0, y) = lim
(x,y)→(0,y)

x<0

u(x, y) =
π

2
+

π

2
= π.

Íàêîíåö, íàéä¼ì C3 èç óñëîâèÿ íåïðåðûâíîñòè íà ëó÷å {x = 0, y < 0}:

lim
(x,y)→(0,−1)

x>0

u(x, y) = −π

2
+ C3 = π =⇒ C3 =

3π

2
.
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Îòâåò:

u(x, y) =





arctg y
x − π

2 , x > 0, y > x;

0, x = 0, y > 0;

arctg y
x + π

2 , x < 0;

π, x = 0, y < 0;

arctg y
x + 3π

2 , x > 0, y < x.

Î÷åâèäíî, ôóíêöèÿ u ïðèíèìàåò îäíî è òî æå çíà÷åíèå íà êàæäîì ëó÷å,
èñõîäÿùåì èç íà÷àëà êîîðäèíàò. Íà ðèñóíêå ïîêàçàíû çíà÷åíèÿ ôóíêöèè
u íà íåêîòîðûõ ëó÷àõ:

x

y

(0, 1)

D1

D2 D3

u
=

0

u
=

π
4

u = π
2

u
=

3π 4

u
=

π

u
=

5π
4

u = 3π
2

u
=

7π
/4

u
=
−π

/4
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Îïðåäåëåíèå 3. Ôóíêöèþ u ∈ C2(D) íàçûâàþò ãàðìîíè÷åñêîé â îáëà-

ñòè D, åñëè ∂2u

∂x2 +
∂2u

∂y2 = 0 äëÿ ëþáîé òî÷êè (x, y) ∈ D.

Îïðåäåëåíèå 4. Ïóñòü u, v ∈ C2(D) � ãàðìîíè÷åñêèå ôóíêöèè â îáëà-
ñòè u. Ýòè ôóíêöèè íàçûâàþò ñîïðÿæ¼ííûìè, åñëè îíè ñâÿçàíû óðàâíå-

íèÿìè Êîøè-Ðèìàíà: ∂u

∂x
=

∂v

∂y
,

∂u

∂y
= −∂v

∂x
äëÿ ëþáîé òî÷êè (x, y) ∈ D.

Ïðîâåðèòü, ÷òî ôóíêöèÿ ÿâëÿåòñÿ ãàðìîíè÷åñêîé, è íàéòè ñîïðÿæ¼ííóþ
ê íåé ãàðìîíè÷åñêóþ ôóíêöèþ:
1.165 u = x2 − y2 + 5x + y − y

x2 + y2 .
Ðåøåíèå. Íàéä¼ì ïåðâûå ïðîèçâîäíûå:

u′x = 2x + 5 +
2xy

(x2 + y2)2 , u′y = −2y + 1− x2 − y2

(x2 + y2)2 ,

âòîðûå ïðîèçâîäíûå:

u′′xx = 2 +
2y3 − 6x2y

(x2 + y2)3 , u′′yy = −2− 2y3 − 6x2y

(x2 + y2)3 .

Îòñþäà u′′xx + u′′yy = 0, ò. å. ôóíêöèÿ u ÿâëÿåòñÿ ãàðìîíè÷åñêîé. Äëÿ
ñîïðÿæ¼ííîé ôóíêöèè v ïîëó÷àåì ñëåäóþùóþ ñèñòåìó óðàâíåíèé:

{
v′x = 2y − 1 + x2−y2

(x2+y2)2 ,

v′y = 2x + 5 + 2xy
(x2+y2)2 .

Èíòåãðèðóåì âòîðîå óðàâíåíèå ïî y:

v = 2xy + 5y − x

x2 + y2 + ϕ(x).

Äèôôåðåíöèðóåì ïî x, ÷òîáû íàéòè ϕ(x):

v′x = 2y +
x2 − y2

(x2 + y2)2 + ϕ′(x) = 2y − 1 +
x2 − y2

(x2 + y2)2 .

Îòñþäà ϕ′(x) = −1, ϕ(x) = −x + C.
Îòâåò: v(x, y) = 2xy − x + 5y − x

x2+y2 + C.


