
ñòð. 1 èç 7

Ìàòåì. àíàëèç, ïðèêë. ìàòåì., 4-é ñåìåñòð

15-å çàíÿòèå. Èíòåãðèðîâàíèå ôóíêöèé êîìïëåêñíîãî

ïåðåìåííîãî. Ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà

3.8 Âû÷èñëèòü èíòåãðàë
∫

dz√
z
ïî ñëåäóþùèì êîíòóðàì:

1) ïî ïîëóîêðóæíîñòè |z| = 1, y > 0,
â íà÷àëüíîé òî÷êå 1 ñ÷èòàÿ

√
1 = 1;

5) ïî îêðóæíîñòè |z| = 1, â íà÷àëüíîé òî÷êå −1 ñ÷èòàÿ
√
−1 = i.

3.9 Âû÷èñëèòü èíòåãðàë
∫

C Ln z dz, ãäå:

1) C � åäèíè÷íàÿ îêðóæíîñòü è Ln 1 = 0;
3) C � îêðóæíîñòü |z| = R è Ln R = ln R.

Èíòåãðàëüíàÿ ôîðìóëà Êîøè

3.20 Ïîêàçàòü, ÷òî åñëè C � ïðîèçâîëüíûé ïðîñòîé çàìêíóòûé êîíòóð,
íå ïðîõîäÿùèé ÷åðåç òî÷êó a, è n ∈ Z, òî∫

C

(z − a)n =


0, n 6= −1,

2πi, n = −1, a ∈ int C,

0, n = −1, a ∈ ext C.

Çäåñü int C � âíóòðåííÿÿ îáëàñòü êîíòóðà C; ext C � âíåøíÿÿ îáëàñòü
êîíòóðà C.

3.28 Âû÷èñëèòü âñå âîçìîæíûå çíà÷åíèÿ èíòåãðàëà
∫
C

dz

z(z2 − 1)
ïðè

ðàçëè÷íûõ ïîëîæåíèÿõ êîíòóðà C. Ïðåäïîëàãàåòñÿ, ÷òî êîíòóð C íå
ïðîõîäèò íè ÷åðåç îäíó èç òî÷åê 0, 1 è −1.

A1 Âû÷èñëèòü èíòåãðàë
∫

|z−a|=a

z dz

z2 + 1
, a > 1.

Ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà

3.40
∞∑

n=1

zn

n
. 3.41

∞∑
n=1

zn

n!
.

3.46
∞∑

n=0

2nzn!. A2
∞∑

n=0

(2 + (−1)n)n

n2 zn.
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Äîìàøíåå çàäàíèå � 15

Ìàòåì. àíàëèç, ïðèêë. ìàòåì., 4-é ñåìåñòð

3.8 (393) Âû÷èñëèòü èíòåãðàë
∫

dz√
z
ïî ñëåäóþùèì êîíòóðàì:

2) ïî ïîëóîêðóæíîñòè |z| = 1, y > 0, â íà÷àëüíîé òî÷êå 1 ñ÷èòàÿ
√

1 =
−1;

3) ïî ïîëóîêðóæíîñòè |z| = 1, y 6 0, â íà÷àëüíîé òî÷êå 1 ñ÷èòàÿ
√

1 =
1;

4) ïî îêðóæíîñòè |z| = 1, â íà÷àëüíîé òî÷êå 1 ñ÷èòàÿ
√

1 = 1.

3.9 (394) Âû÷èñëèòü èíòåãðàë
∫
C

Ln z dz, ãäå:

2) C � åäèíè÷íàÿ îêðóæíîñòü è Ln i = πi/2;
4) C � îêðóæíîñòü |z| = R è Ln R = ln R + 2πi,

.

3.27 (412) Âû÷èñëèòü èíòåãðàë
∫
C

dz

z2 + 9
, åñëè:

(1) òî÷êà 3i ëåæèò âíóòðè êîíòóðà C, à òî÷êà −3i � âíå åãî;
(2) òî÷êà −3i ëåæèò âíóòðè êîíòóðà C, à òî÷êà 3i � âíå åãî;
(3) òî÷êè ±3i ëåæàò âíóòðè êîíòóðà C.

Ðàäèóñ ñõîäèìîñòè

3.42 (427)
∞∑

n=1

nnzn. 3.43 (428)
∞∑

n=1

n

2n
zn.

3.44 (429)
∞∑

n=1

n!

nn
zn. 3.45 (430)

∞∑
n=0

zn!.

3.49 (434)
∞∑

n=0

cos in · zn. 3.50 (435)
∞∑

n=0

(n + an)zn.
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Ìàòåì. àíàëèç, ïðèêë. ìàòåì., 4-é ñåìåñòð

15-å çàíÿòèå. Êîíñïåêò.

Èíòåãðèðîâàíèå ôóíêöèé êîìïëåêñíîãî ïåðåìåííîãî.

Ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà

3.7, 2) Âû÷èñëèòü èíòåãðàë
∫

|z−a|=R

(z − a)n dz.

Ýòó ôîðìóëó óæå âûâîäèëè íà ëåêöèÿõ.
Ðåøåíèå. Èñïîëüçóåì ïàðàìåòðèçàöèþ z = a + R exp(it), t ∈ [0, 2π].

I = Rn+1

2π∫
0

exp(nit) · i exp(it) dt.

Ïðè n = −1 ïîä èíòåãðàëîì ïîëó÷àåòñÿ êîíñòàíòà, òàê ÷òî I = 2πi. Ïðè
n 6= −1:

I = iRn+1 · 1

i(n + 1)
· exp(i(n + 1)t)|2π

0 = 0,

òàê êàê ôóíêöèÿ exp(i(n+1)t) ïðèíèìàåò îäèíàêîâûå çíà÷åíèÿ â òî÷êàõ
0 è 2π.

3.8 Âû÷èñëèòü èíòåãðàë
∫

dz√
z
ïî ñëåäóþùèì êîíòóðàì:

1) ïî ïîëóîêðóæíîñòè |z| = 1, y > 0,
â íà÷àëüíîé òî÷êå 1 ñ÷èòàÿ

√
1 = 1;

5) ïî îêðóæíîñòè |z| = 1, â íà÷àëüíîé òî÷êå −1 ñ÷èòàÿ
√
−1 = i.

Ðåøåíèå. 1. Èñïîëüçóåì ïàðàìåòðèçàöèþ

z = exp(it), t ∈ [0, π].

Îáùèé âèä êâàäðàòíîãî êîðíÿ:
√

z(t) = exp(i(t + 2kπ)/2). Ïîñêîëüêó
âûáèðàåòñÿ íåïðåðûâíàÿ âåòâü, òî k äîëæíî áûòü îäíèì è òåì æå äëÿ
âñåõ t ∈ [0, π]. Ïîäñòàâëÿÿ íà÷àëüíîå çíà÷åíèå, ïîëó÷àåì, ÷òî k = 0,
ò. å. ïîëó÷àåòñÿ ñëåäóþùàÿ íåïðåðûâíàÿ âåòâü êîðíÿ:

√
z(t) = exp(it/2).

Âû÷èñëÿåì èíòåãðàë:

I =

π∫
0

i exp(it) dt

exp(it/2)
= i ·

π∫
0

exp(it/2) dt = 2 exp(it/2)|π0 = 2(i− 1).
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5. ×òîáû ïðîéòè åäèíè÷íóþ îêðóæíîñòü, íà÷èíàÿ ñ òî÷êè −1, èñïîëü-
çóåì ïàðàìåòðèçàöèþ

z(t) = exp(i(t + π)), t ∈ [0, 2π].

Îáùèé âèä êâàäðàòíîãî êîðíÿ:√
z(t) = exp(i(t + π + 2kπ)/2), t ∈ [0, 2π].

×òîáû ïîëó÷èòü
√

z(0) = i, ïîëàãàåì k = 0, ò. å.√
z(t) = exp(i(t + π)/2).

Îòñþäà

I =

2π∫
0

i exp(i(t + π)) dt

exp(i(t + π)/2)
= i

2π∫
0

exp(it/2) exp(iπ/2) dt =

= i exp(it/2)|2π
0 = 2i(−1− 1) = −4i.

3.9 Âû÷èñëèòü èíòåãðàë
∫

C Ln z dz, ãäå:

1) C � åäèíè÷íàÿ îêðóæíîñòü è Ln 1 = 0;
3) C � îêðóæíîñòü |z| = R è Ln R = ln R.

Ðåøåíèå. Èìååòñÿ â âèäó, ÷òî ôóíêöèÿ ïîä èíòåãðàëîì åñòü íåïðåðûâ-
íàÿ âåòâü ëîãàðèôìà ñ çàäàííûì çíà÷åíèåì â íà÷àëüíîé òî÷êå.

1. z(t) = exp(it), t ∈ [0, 2π], ln(z(t)) = it,

I =

2π∫
0

it · i exp(it) dt = −
2π∫

0

t · exp(it) dt =

=

[
u = t, dv = exp(it) dt

du = dt, v = −i exp(it)

]
=

= i t exp(it)|2π
0 −

2π∫
0

exp(it) dt = 2πi.

3. z(t) = R exp(it), t ∈ [0, 2π], ln(z(t)) = ln0(R) + it. Çäåñü ÷åðåç ln0
îáîçíà÷íî ãëàâíîå çíà÷åíèå ëîãàðèôìà. Ïî àíàëîãèè ñ ïðåäûäóùèì, ïî-
ëó÷àåì 2πRi.
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Èíòåãðàëüíàÿ òåîðåìà Êîøè

3.20 Ïîêàçàòü, ÷òî åñëè C � ïðîèçâîëüíûé ïðîñòîé çàìêíóòûé êîíòóð,
íå ïðîõîäÿùèé ÷åðåç òî÷êó a, è n ∈ Z, òî

∫
C

(z − a)n =


0, n 6= −1,

2πi, n = −1, a ∈ int C,

0, n = −1, a ∈ ext C.

Çäåñü int C � âíóòðåííÿÿ îáëàñòü êîíòóðà C; ext C � âíåøíÿÿ îáëàñòü
êîíòóðà C.
Ðåøåíèå. Åñëè a ∈ ext C, òî ôóíêöèÿ (z − a)n ãîëîìîðôíà âíóòðè C, è
ïî èíòåãðàëüíîé òåîðåìå Êîøè èíòåãðàë ðàâåí 0. Åñëè a ∈ int C, òî èç
èíòåãðàëüíîé òåîðåìû Êîøè ñëåäóåò, ÷òî èíòåãðàë ïî C ìîæíî çàìåíèòü
èíòåãðàëîì ïî äîñòàòî÷íî ìàëîé îêðóæíîñòè, ïðîõîäÿùåé âîêðóã òî÷êè
a. Íà ëåêöèè áûëî äîêàçàíî, ÷òî òàêîé èíòåãðàë ðàâåí 2πi ïðè n = −1
è ðàâåí 0 ïðè n 6= −1.

3.28 Âû÷èñëèòü âñå âîçìîæíûå çíà÷åíèÿ èíòåãðàëà
∫
C

dz

z(z2 − 1)
ïðè

ðàçëè÷íûõ ïîëîæåíèÿõ êîíòóðà C. Ïðåäïîëàãàåòñÿ, ÷òî êîíòóð C íå
ïðîõîäèò íè ÷åðåç îäíó èç òî÷åê 0, 1 è −1.
Ðåøåíèå. Ñíà÷àëà ðàçëîæèì ïîäûíòåãðàëüíóþ ôóíêöèþ íà ïðîñòåéøèå
äðîáè (äëÿ ýòîãî ìîæíî èñïîëüçîâàòü ìåòîä íåîïðåäåë¼ííûõ êîýôôèöè-
åíòîâ):

f(z) =
1

z(z2 − 1)
= −1

z
+

1

2
· 1

z − 1
+

1

2
· 1

z + 1
.

Äëÿ êàæäîé òî÷êè a ∈ {0, 1,−1} îáîçíà÷èì ÷åðåç I(a) èíòåãðàë îò
f(z) dz ïî äîñòàòî÷íî ìàëîé îêðóæíîñòè âîêðóã a (íàñòîëüêî ìàëîé,
÷òî îíà íå çàõâàòûâàåò äðóãèå óêàçàííûå òî÷êè).

Íàïðèìåð, ôóíêöèè 1
z−1 è

1
z+1 ãîëîìîðôíû â îêðåñòíîñòè 0, ïîýòîìó

I(0) = −
∫

dz

z
= −2πi.

Àíàëîãè÷íî, I(1) = I(−1) = πi.
Èç èíòåãðàëüíîé òåîðåìû Êîøè ñëåäóåò, ÷òî I =

∑
a∈intC I(a), ãäå

int C � âíóòðåííÿÿ îáëàñòü êîíòóðà C. Íàïðèìåð, åñëè êîíòóð C âêëþ-
÷àåò â ñåáÿ âñå òðè òî÷êè, òî

I = I(0) + I(1) + I(−1) = 0.
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Åñëè êîíòóð C âêëþ÷àåò â ñåáÿ òîëüêî 0 è 1, òî I = I(0) + I(1) = −πi,
è ò. ä.

A1 Âû÷èñëèòü èíòåãðàë
∫

|z−a|=a

z dz

z2 + 1
, a > 1.

Ðåøåíèå. Ðàçëîæèì ïîäûíòåãðàëüíóþ ôóíêöèþ íà ïðîñòåéøèå äðîáè:

z

z2 + 1
=

1

2
· 1

z − i
+

1

2
· 1

z + i
.

Âíóòðü êîíòóðà |z−a| = a ïîïàäàåò òîëüêî òî÷êà i, ïîýòîìó âòîðîå ñëà-
ãàåìîå ãîëîìîðôíî âíóòðè C, è èíòåãðàë îò íåãî ðàâåí íóëþ. À èíòåãðàë
îò ïåðâîãî ñëàãàåìîãî ðàâåí

1

2

∫
C

dz

z − i
=

1

2

∫
|z−i|=δ

dz

z − i
= pii.

Ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà

Ôîðìóëà Êîøè-Àäàìàðà:

1

R
= lim

n→∞
n
√
|an|.

3.40
∞∑

n=1

zn

n
.

Ðåøåíèå. Çäåñü |an| = 1/n, n
√
|an| → 1, R = 1.

3.41
∞∑

n=1

zn

n!
.

Ðåøåíèå. 1-é ñïîñîá � èñïîëüçîâàòü ôîðìóëó Ñòèðëèíãà:

n! =
√

2πn · nn

en
· eθ(n), ãäå θ(n) → 0.

Îòñþäà n
√

n! → +∞, R = +∞.
2-é ñïîñîá � èñïîëüçîâàòü ôîðìóëó Äàëàìáåðà (êîòîðàÿ ðàáîòàåò íå

âñåãäà):

lim
n→∞

n
√
|an| = lim

n→∞

|an+1|
|an|

.
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Ýòà ôîðìóëà ïðèìåíèìà ëèøü â òåõ ñëó÷àÿõ, êîãäà ïðåäåë ñïðàâà ñóùå-
ñòâóåò. Â íàøåì ñëó÷àå îí ñóùåñòâóåò è ðàâåí 0.

3.46
∞∑

n=0

2nzn!.

Ðåøåíèå. Çäåñü an = 2k ïðè n = k!, an = 0 ïðè îñòàëüíûõ k. Ïðè
âû÷èñëåíèè âåðõíåãî ïðåäåëà ìîæíî ðàññìîòðåòü òîëüêî ïîäïîñëåäîâà-
òåëüíîñòü n = k!:

lim
n→∞

|an|1/n = lim
k→∞

(2k)1/k! = lim
k→∞

2(k/k!) = 1.

Âûâîä: R = 1.

A2
∞∑

n=0

(2 + (−1)n)n

n2 zn.

Ðåøåíèå. Ðàçáèâàåì íà äâå ïîäïîñëåäîâàòåëüíîñòè è ïîëó÷àåì, ÷òî

lim
n→∞

n
√
|an| = 3.

Îòñþäà R = 1/3.


